We report properties, especially upper and lower bounds and the Nordhaus-Gaddum-type result for the reciprocal complementary Wiener number of a connected (molecular) graph.
Introduction
The Wiener number ( [21] a) (often also called the Wiener index [1] ) and the related molecular descriptors have a long history [18, 5, 17, 13] since 1947 when Harry Wiener (1924 Wiener ( -1998 [19] introduced his number as the path number [22] . The empirical Wiener's definition of his number has been formalized via the distance matrix ( [11] a) by Hosoya [6] . In the large family of the Wiener-like molecular descriptors [20] , the complementary Wiener number and the reciprocal complementary Wiener number are recent additions. They have been introduced by Ivanciuc [7] and discussed by Ivanciuc et al. [8, 9] . Related work may be found in, e.g., [10] .
We consider simple (molecular) graphs, i.e., graphs without multiple edges and loops ([21] b, [23] The Hosoya definition of the Wiener number of G, denoted by W(G), is given by [6] W
The reciprocal complementary Wiener (RCW) number of the graph G is similarly defined as [7] RCW
The RCW number has been successfully applied in the structure-property modeling of the molar hear capacity, standard Gibbs energy of formation and vaporization enthalpy of 134 alkanes C 6 -C 10 [7] .
In the present report, we give some properties, especially various upper and lower bounds and the Nordhaus-Gaddumtype result [14] of the reciprocal complementary Wiener number.
Bounds for the reciprocal complementary Wiener number
Let P n and S n be respectively the path and the star with n vertices. Let K n be the complete graph with n vertices.
Let d(G, k) be the number of the unordered pairs of vertices of G that are at distance k, k = 1, 2, . . . , D. Then
We first give upper bounds for RCW number using the graph-parameters such as the number of vertices and the number of edges. 
with equality if and only G has diameter 2.
with equality if and only if D = 2.
Let G be a connected graph with n vertices, m edges and diameter D ≥ 2. Then by the above argument,
with equality if and only if D = 2. 
Corollary 3. Let G be a noncomplete connected graph with n ≥ 3 vertices. Then
RCW(G) ≤ (n − 1)
Proposition 4. Let G be a triangle-and quadrangle-free connected graph with n vertices and m edges. If the diameter of G is at least three, then
with equality if and only if G has diameter 3.
Proof. Note that there are d(G, 1) = m. Since G is triangle-and quadrangle-free, we have
and then
with equality if and only if D = 3.
Now we give lower bounds for RCW number. For a graph G, G stands for its complement ([11]c).
A graph is said to be diameter-maximal if the diameter of G + e (the graph formed from G by adding the edge e) is smaller than that of G for every edge e of G. 
Lemma 5 ([15]). A graph G of diameter D is diameter-maximal if and only if there is a vertex v,
Proof. Let G be a graph with minimum RCW number in the class of graphs with n vertices and diameter D. Evidently, G is a diameter-maximal graph, and thus it has the form given in Lemma 5. Suppose that there is a noncentral layer V k with
, then we choose the least such k, and for a new diameter-maximal graph G with layers
, then we choose the maximal such k,and for a new diameter-maximal graph G with layers
a contradiction again. Now we have proved that for G , all noncentral layers are trivial. It may be checked that RCW(G ) = f (n, D).
Proposition 7.
Let G be a connected graph with n ≥ 2 vertices. Then
with equality if and only if G = P n .
Thus, f (n, D) is decreasing for 1 ≤ D ≤ n − 1. Now the result follows from Lemma 6.
Let G be a tree with n ≥ 3 vertices. By Proposition 7, RCW(G) ≥ n−1 with equality if and only if G = P n . A direct reasoning is as follows. Let w 0 w 1 . . . w D be a diametrical path in G. Suppose that D < n − 1. Then for some k = 1, 2, . . . , D − 1, w k has a neighbor w outside this path. Let G be the tree formed from G by deleting the edge w k w k+1 and adding the edge ww k+1 . Obviously, G has diameter D + 1. Let V 1 and V 2 be respectively the set of vertices of the subtree of G containing vertex w k and w k+1 formed by deleting the edge w k w k+1 . Let
and then rc ij = rc ij or rc ij < rc ij . Thus, RCW(G ) < RCW(G). Using this transformation, we can finally obtain RCW(G) > RCW(P n ) = n − 1 if G = P n . By combining Corollary 3, we know that RCW number satisfies the basic requirement to be a branching index [2] .
Nordhaus-Gaddum-type result for the reciprocal complementary Wiener number
Zhang and Wu [24] and Zhou, Cai and Trinajstić [25] obtained the Nordhaus-Gaddum-type result for the Wiener index, Zagreb indices, connectivity index and the Harary index, respectively. In the following, we give the Nordhaus-Gaddumtype result for RCW number. There is only one connected graph P 4 on 4 vertices with the connected complement P 4 = P 4 . Obviously, RCW(P 4 ) + RCW(P 4 ) = 2RCW(P 4 ) = 6. For n ≥ 5, the diameter of P n is 2. 
with equality if and only if the number of edges of G is equal to n − 1. Thus the result follows easily. 
Proof. Let t k = d(G, k) and t k = d(G, k
It is easily seen that there are pairs of graphs on n vertices such that both of them have diameter three and t 3 = t 3 = 1. For example, if n = 5, then there is exactly one pair G and G : the graph formed from the path P 5 by adding an edge between the two neighbors of its center and its complement which is isomorphic to itself such that RCW(G)+RCW(G) = 
